
  

  

Abstract— Regenerative braking technology has been widely 

used in metro train control. Improving the utilization of 

regenerative braking energy (RBE) can reduce the energy 

consumption of metro transit system. A novel train trajectory 

optimization method is proposed, in which control regimes 

coasting and maximum acceleration (CO-MA) are inserted 

according to the substation power flow. MA regime is inserted 

when the substation power is negative, which means there is 

REB can be used. CO regime is inserted to connect the trajectory 

and adjust the runtime. Improving the utilization of RBE 

according to the substation power flow makes the control 

optimization of trains independent, which can avoid the complex 

cooperation of multi-train control. A case study based on 

Guangzhou subway line is studied, and the results show that the 

proposed method can improve the utilization of RBE and reduce 

substation energy consumption efficiently.  

I. INTRODUCTION 

Metro transit system is developing rapidly to meet the 
increasing passenger demand due to its high capacity, 
reliability and convenience. However, with rising energy prices 
and increasing metro transit system size, huge energy costs 
have become a nonnegligible challenge. In recent years, 
researchers and practitioners have paid attention to reducing 
the energy consumption of metro transit system, and a number 
of energy-efficient measures have been proposed [1]. 
Energy-efficient train control (EETC) is a hotspot due to its 
low investment cost and high energy saving potential, which 
focuses on train trajectory optimization. There are two 
comprehensive surveys about EETC [2] [3].  

Reducing tractive energy consumption is the main optimal 
object of EETC. Based on Pontryagin maximum principle, 
Ishikawa [4] proposed that the optimal train control strategy 
consisted of maximum acceleration (MA), cruising (CR), 
coasting (CO) and maximum braking (MB). The analysis was 
based on a train journey between two stations on a level track. 
Pudney and Howlett [5] introduced conditions of varying 
gradients and speed limits into the problem. Howlett et al. [6] 
proved that the optimal train control strategy was suitable for 
the metro transit system. Methods in the literatures [4]-[6] 
belong to analytical algorithm, which can obtain the optimal 
solution exactly with complicated computational process. On 
the other hand, numerical algorithm is used to calculate 
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energy-efficient train trajectory, there is a trade-off between 
solution accuracy and computational efficiency. Franke [7] 
taken kinetic energy as dynamic state variable to build a 
discrete position nonlinear model, in which dynamic 
programming was used to optimize train trajectory. Haahr [8] 
built a time-space graph by dividing the track into different 
phases according to running conditions, and solved the 
problem by dynamic programming. Jin et al. [9] transformed 
the nonlinear EETC problem into a mixed inter linear planning 
problem, which can be solved efficiently. However, the use of 
piecewise affine reduced the computational accuracy. 
According to the short distance between stations and simpler 
line condition, coast control [10] [11] is proposed to calculate 
energy-efficient train trajectory for metro transit system. The 
key to coast control is searching the starting point of CO 
regime. A genetic algorithm was proposed to optimize train 
trajectory using coast control, in which time points to initiate 
CO regime and resume MA regime was calculated [10]. Wong 
and Ho [11] focused on the multiple coasting point control, 
and they designed a hierarchical genetic algorithm to 
determine the number of coasting points.  

Regenerative braking technology has been well applied in 
metro trains. Regenerative braking has a specific function that 
the braking kinetic energy can be recovered into electricity 
using an electric motor as an electric generator during the 
braking phase [12]. The feedback electrical energy can be 
consumed by other trains in the same substation, or wasted by 
heating resistors. Thus, improving the utilization of 
regenerative braking energy (RBE) can reduce substation 
energy consumption. Traditional reducing tractive energy 
consumption was not the same as reducing substation energy 
consumption, which ignored the utilization of RBE [13]. 
Miyatake and Ko [14] analyzed the relationship between train 
trajectory and state of charge. The simulation results showed 
that the regenerative braking played an important role in 
energy saving. Bocharnikov et al. [15] formulated a 
multi-train simulation to adjust the schedules and trajectories 
for both the up and down direction trains. The purpose was to 
reduce total energy consumption of a metro line by 
coordinating trains operation. Sun et al. [16] [17] developed a 
method to cooperate the operation of multi-train, in which 
train trajectory was partly adjusted to absorb the RBE. 
Cooperation of multi-train is complex task, because of its 
various cases and interaction of trains. On the other hand, 
timetable optimization is another method used to improve the 
utilization of RBE. Li and Lo [18] adjusted train trajectory and 
dwell time to minimize energy consumption for metro transit 
system operations. Zhou et al. [19] built an integrated model 
to reduce energy consumption, in which train trajectory and 
energy-efficient timetable were optimized respectively.  
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Figure 1.  Metro traction power system with multi-train 

This paper focuses on optimizing energy-efficient train 
trajectory according to the substation power flow. Same as 
previous work, train trajectory optimization is under the 
constraints of runtime, speed limits, line conditions and train 
conditions. Specially, in order to avoid the complex 
cooperation of multi-train in the same substation, power flow 
is introduced to show the energy influence of other trains. 
Meanwhile, according to the substation power flow, the train 
control regime CO-MA is inserted into the trajectory to absorb 
the RBE, in order to improve the utilization of RBE and 
reduce the system operation energy consumption. 

The rest of this paper is organized as follows. In section Ⅱ, 
the optimal model of reducing system energy consumption is 
stated. In section Ⅲ, methods to calculate energy-efficient 
train trajectory are introduced. In section Ⅳ, case study of 
Guangzhou subway line is demonstrated to verify the 
feasibility of the model and method. Conclusions are given in 
section Ⅴ.  

II. MODEL STATEMENT 

A. Notations 

Notions used throughout the remainder of this paper are 
introduced as followings: 

v    train speed; 

x    train position; 

t    train running time; 

Δx   position interval; 

m    train mass; 

ρ    factor considering the rotating mass; 

Ft    train tractive effort; 

Feb   train regenerative braking effort; 

Fab   train air braking effort; 

W0   basic resistance; 

Wj    line resistance; 

Vb    speed in which Feb convert to Fab, and vice versa; 

Sk    position of the kth station; 

Tk    runtime between the kth and k+1th station; 

V    limited speed; 

η    efficiency of electrical to mechanical conversion,  

and vice versa; 

Psub   substation electrical power; 

P’sub   original substation electrical power before the train  

departure; 

P+   positive substation electrical power; 

Pt    electrical tractive power; 

Pa    electrical auxiliary power; 

Pb    electrical regenerative braking power; 

Pb_u   utilized electrical regenerative braking power; 

Ploss   substation electrical loss power; 

[Ts Te]  optimized time interval; 

B. Metro transit system energy consumption 

In order to measure energy efficiency, energy power flow 
of metro transit system is discussed in this section. Generally, 
energy consumption in metro transit system can be classified 
into two parts: non-traction and traction consumption. 
Non-traction consumption refers to the energy utilized for 
system operation expecting for train operation, like energy 
utilized at stations, depots and other facilities [1]. On the other 
hand, traction consumption accounts for the energy costed for 
train operation including train tractive energy consumption, 
auxiliary energy consumption, utilized RBE and energy losses. 
Traction consumption can be evaluated by the power of 
substation, which can be expressed as: 

 
_sub t a b u lossP P P P P= + − +   (1) 

For metro traction power system, as shown in Figure 1, 
trains detect electrical flow from substation to meet tractive 
energy consumption and auxiliary energy consumption. The 
electrical tractive power Pt can be calculated as: 

 /t tP F v =   (2) 

and, electrical auxiliary power Pa is decided by the auxiliary 

systems of the vehicle such as heating, ventilation, 

air-conditioning, lighting, which is assumed to be fixed in this 

paper. Electrical braking power Pb can calculated as: 

 
b ebP F v=   (3) 
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Figure 2.  Structure of metro ATO system 
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Figure 3.  Electrical power and two kinds of trajectory 

which can feed back to traction power network and be utilized 

by other trains in the same substation (as shown in Figure 1) or 

wasted by heating resistors. The utilization rate of 

regenerative braking is influenced by the control regimes of 

trains in the same substation. Because of the high departure 

frequency and short distance between stations, frequent 

accelerating and braking make the energy-saving effect of 

using RBE is considerable. However, there is still much REB 

unutilized, which can be further used by adjusting train control 

regime. For example, setting the train control regime to MA to 

absorb the RBE. The energy storage technology is not 

considered in this paper. The calculating of substation 

electrical loss power Ploss is complex and not the focus of this 

paper, which is simplified to be fixed.  

C. Metro train trajectory optimization model 

The calculation of metro train trajectory is finished by the 
optimization layer of automatic train operation (ATO) system. 
The optimization layer optimizes the train trajectory according 
to line data, train data and objectives, as shown in Figure 2. 
Then, the control layer tracks the recommended trajectory 
based on the control strategy. Different with traditional 
optimization layer of ATO system, power flow is taken as 
input to influence the optimization of trajectory. Additionally, 
the substation power flow can be calculated according to the 
trajectory of trains in the same substation.  

According to the novel optimization layer, the metro train 
trajectory optimization model is built. Firstly, the dynamics 
equation of train motion can be formulated as the following 
model: 

 
0t eb ab j

dv
m F F F W W

dt

dx
v

dt




 = − − − −

 =


  (4) 

The objectives of optimization layer consist of safety and 
punctuality. Then, constraints are built to make the train 
operation safely and on time, which are as followings: 
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  (5) 

Another important objective of optimization layer is 
energy-saving, also the optimal objective of this paper, which 
can be expressed as: 

 min  ( )
e

s

T

T
P t dt+

   (6) 

where, positive substation electrical power P+ can be 

calculated according to： 

 
'

_+sub sub t a b u lossP P P P P P= + − +   (7) 
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sub sub
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P t if P t
P t

if P t

+


= 


  (8) 

and the relationship between train effort and electrical power is 
show as Eq.(2) and Eq.(3). 

III. METHOD 

A traditional coast point searching method consists of two 
steps: calculating the MaxPow trajectory, inserting CO regime 
into the MaxPow trajectory to satisfy the runtime constraint. 
The MaxPow trajectory means that the train finishes the travel 
between two stations with minimum runtime. Different with 
traditional optimization method, substation power flow is 
known before the train departing in this paper. According to 
the character of power flow, MA regime is inserted to utilize 
the feedback RBE, as shown in Figure 3. Meanwhile, CO 
regime is inserted before the MA regime to connect it with the 
MaxPow trajectory. Thus, CO-MA regime is inserted into the 
MaxPow trajectory to improve the utilization of RBE and 
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Figure 4.  The MaxPow trajectory 
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Figure 6.  The trajectory with MA-CO 
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Figure 5.  The trajectory with CO 

meet the runtime constraint. The calculation of MaxPow 
trajectory will be introduced firstly, and the calculation of 
trajectory with CO (TC) and trajectory with CO-MA (TCM) is 
introduced based on it respectively. 

A.  MaxPow trajectory 

In order to achieve minimum runtime, the control strategy 
is combined of three regimes: MA, MB and CR, in order to get 
close to limited speed as soon as possible, as shown in Figure 4. 
The algorithm for calculating MaxPow trajectory can be 
summarized as followings: 

 

Algorithm 1. Calculating MaxPow trajectory 

1. Obtain line and train data, and initialize the state variable 
(v, Ft, Feb, Fab) of x at the departure station Sk.  

2. Calculate state variables according to the relationship 
between speed v(x) and limited speed V(x), if v < V, go to 
step 3; else if v = V, go to step 4, else v > V, go to step 5. 

3. Set train tractive effort Ft = Ft,max to achieve MA regime, 
then calculate the state variables of x = x +Δx based on 
Eq.(4). If x < Sk+1, go to step 2, else end.  

4. Set train effort Ft + Feb + Fab = W0 + Wj to achieve CR 
regime, then calculate the state variables of x = x +Δx 
based on Eq.(4). If x < Sk+1, go to step 2, else end. 

5. Calculate the MB curve backward form position x, and set 
train braking effort, if v > Vb, Feb = Feb,max and Fab = 0, else 
Feb = 0 and Fab = Fab,max. Connect the MB curve with 
precalculated trajectory, If x < Sk+1, go to step 2, else end. 

B.  Trajectory with CO  

Based on the MaxPow trajectory, CO regime is inserted to 
reduce tractive energy consumption, as shown in Figure 5. The 
main task of calculating TC is searching the starting point of 
CO regime, which makes the trajectory satisfying the runtime 
constraint. The calculating algorithm is summarized as 
followings:  

 

 

 

 

 

Algorithm 2. Calculating trajectory with CO 

1. Obtain the MaxPow trajectory and confirm the starting 
point of MB regime xb.  

2. Set the initial starting point of CO regime xc, xc = xb －Δx. 

3. Calculate the CO curve starting from xc, in which train 
effort is set as Ft + Feb + Fab = W0 + Wj to achieve CO 
regime. Connect the CO curve with the MaxPow 
trajectory. 

4. Calculate the runtime of the new trajectory, if it is equal to 

pregiven runtime, end, else set xc = xc －Δx and go to step 

3. 

C.  Trajectory with CO-MA 

Based on the MaxPow trajectory and substation power 
flow, CO-MA regime is inserted to improve the utilization of 
REB, as shown in Figure 6. Firstly, the time interval in which 
the substation power is negative should be confirmed, which 
means there is REB can be used. Then, MA regime should be 
inserted to utilize it. However, if the control regime of the 
MaxPower trajectory in the time interval has already been MA, 
then there is no need to insert MA regime and TC is the 
energy-efficient trajectory. The calculating algorithm is 
summarized as followings: 

Algorithm 3. Calculating trajectory with CO-MA 

1. Obtain the MaxPow trajectory and substation power flow.  

2. Confirm the starting time tt of the time interval in which 
substation power is negative, and confirm the starting point 
of MB regime xb. 

3. If the control regime of the MaxPow trajectory at tt is MA, 
then go to Algorithm 2, else continue. 

4. Initialize the end position of MA regime xt, xt = xb.  

5. Calculate the MA curve backward from xt, make the 
starting time of the MA curve is equal to tt. 

6. Calculate the CO cure backward from the starting point of 
MA curve, and connect the CO curve with the MaxPow 
trajectory. 

7. Calculate the runtime of the new trajectory, if it is equal to 

pregiven runtime, end, else set xt = xt －Δx and go to step 

5. 
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Figure 7.  Subation power flow 

IV. CASE STUDY 

In order to illustrate the model and methods proposed, 
case study is presented based on data from Guangzhou subway 
line. There are total 24 stations and 10 substations, and the 
substation consists of Station 1 to 3 is researched. The train 
running in the metro line, is A-type EMU with mass of 339.6t, 
type of 4M2T, factor to consider the rotating mass is 0.057, 
efficiency of electrical to mechanical conversion is 0.85, 
auxiliary power is 400W, and train efforts and basic resistance 
as Eq.(9)-(11). The timetable parameters of the substation 
between Station 1 to Station 3 and other simulation 
parameters are given Table Ⅰ.  

 ,max
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( ) 1600 /         40 55

870000 /    55 80
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v

F v v v

v v

  


=  
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,max
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( )

389                5 80
eb

v
F v

v

 
= 

 
  (10) 

 2

0 9.067 0.001334W v= +   (11) 

TABLE I.  SIMULATION PARAMETERS 

Inter-station length Length (m) 

between Station 1 and Station 2 1010 

between Station 2 and Station 3 2400 

Runtime Time (s) 

from Station 1 to Station 2 74 

from Station 2 to Station 3 139 

from Station 3 to Station 2 140 

from Station 2 to Station 1 75 

Dwell time Time (s) 

at Station 1 30 

at Station 2 40 

at Station 3 30 

Headway  Time (s) 

from Station 1 to Station 2 150 

from Station 2 to Station 1 150 

 

 

Two kinds of energy-saving trajectory, trajectory with CO 
(TC) and trajectory with CO-MA (TCM), are tested in virtual 
operational environment. The substation power flow of time 
interval [7:00 7:10] is shown in Figure 7. It is obvious that the 
positive power (which reflects the substation energy 
consumption) of TC is larger than the positive power of TCM, 
and the negative power (which reflects the wasted RBE) of TC 
is also bigger than the negative power of TCM. Thus, the 
application of TCM can reduce the substation energy 
consumption efficiently and wasted RBE. In order to further 
state that the application of TCM can improve the utilization 
of RBE, the operation of Train 1401 is discussed in more detail. 
Train 1401 departs from the Station 3 at 7:02:30 and arrives at 
the Station 2 at 7:04:09. The TC and TCM of Train 1401 are 
shown in Figure 8, the control regime of TCM in the time 
interval [t1 t2] is CO, and in the time interval [t2 t3] is MA. The 
power of TC and TCM are different because of different 
control strategies. The power flow in time interval [7:02:30 
7:04:09] is shown in Figure 9. The substation power of TC in 
the time interval [t2 t3] is negative, which means there is REB 
unutilized. On the contrary, the power of Train 1401 is big 
enough to utilize the RBE fully, and the substation power of 
TCM in the time interval [t2 t3] is positive, which means the 
REB is this interval is utilized. From the perspective of system 
energy-saving, in the time interval [7:02:30 7:04:09], the 
substation energy consumption of TC is 124.40kWh, and of 
TCM is 123.23kWh, which is reduced 0.94%. And, the 
unutilized RBE of TC is 28.95kWh, and of TCM is 26.71kWh, 
the wasted REB is reduced 7.74%. From the case study, it can 
be seen that the application of TCM can improve the 
utilization of REB and reduce the substation energy 
consumption. 

V. CONCLUSION 

For energy-saving in metro substation, a novel train 
trajectory optimization method is proposed to improve the 
utilization of RBE. Different with traditional trajectory 
optimization method, substation power flow is taken as input 
to calculate more energy-efficient trajectory. Getting the 
unutilized RBE information from the substation power flow, 
MA regime is inserted when the substation power is negative, 
which makes the RBE can be utilized instead of wasted. CO 
regime in inserted before the MA regime to connect the 
trajectory and adjust the runtime. Meanwhile, the substation 
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Figure 8.  The trajectory of Train 1401 
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Figure 9.  The power flow of time interval [7:02:30 7:04:09] 

power flow reflects the energy effect of other trains in the 
same substation, which can avoid the complex multi-train 
cooperation. A case study is presented based on Guangzhou 
subway line, which shows the TCM performances better in 
utilizing RBE and reducing substation energy consumption. 
As further work, control regime CO-MA should be inserted 
more considerately, the train effort of MA regime should be 
calculated according to the value of REB, in order to absorb 
RBE fully and avoid absorbing extra energy from substation. 
Additionally, the optimization of trajectory and timetable 
should be considered integrally.  
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